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Abstract This paper deals with Bianchi-I, Kantowski Sachs and Bianchi-III anisotropic
cosmological models of the universe, filled with a bulk viscous cosmic fluid, in the presence
of variable gravitational and cosmological constants. A new set of exact solutions of Ein-
stein’s field equation have been obtained in both truncated and full causal theories. Physical
behaviour of the models has also been discussed.
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1 Introduction

The early stages of the universe did not have the property of isotropy as we find it to-
day. Astronomical and astrophysical observations reveals that during evolution, the uni-
verse is isotropized and on a very large scale (>100 Mps) it is homogeneous and isotropic.
It is well known that the relativistic cosmological models for spatially homogeneous and
anisotropic space-time belong either to the Bianchi types or Kantowaski-Sachs space-time.
These Anisotropic Cosmological models have been extensively studied in the literature by
a number of authors ([1–11] etc.) in different contexts.

Bulk viscosity is supposed to play a very important role in the early evolution of the
universe. There are many circumstances during the evolution of the universe in which bulk
viscosity could arise. To study the effect of the bulk viscosity the first relativistic theory
of non-equilibrium thermodynamics was developed by Eckart [12] and subsequent study
by several authors viz. Muller [13], Israel and Stewart [14], Hiscock and Lindblon [15]
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reveals that the Eckart type theories suffer from serious drawbacks concerning causal-
ity and stability. Gron [16] and Maartens [17] have presented exhaustive review of non-
causal and causal viscous expanding model of the universe respectively. Several authors
viz. Zimdhal [18], Arbab [19], Singh et al. [20], Singh and Beesham [21], Bali and Dave
[22, 23], Mak and Harko [24], Wang [25], Yadav et al. [26], Calistete et al. [27] and oth-
ers have discussed a variety of bulk viscous isotropic and anisotropic cosmological mod-
els.

In the last more than one decade the remarkable progress made in various types of astro-
physical and cosmological observations has profoundly changed the cosmology by predict-
ing an accelerated expansion of the universe. The existence of a positive cosmological ‘con-
stant’ is strongly favoured by Super-novae(SNe)Ia observations and anisotropy measure-
ments of cosmic microwave background (CMB) made by the WMAP experiment [28–36].
It has been suggested in the literature that a dynamical cosmological ‘constant’ (Λ) is impor-
tant to accommodate an accelerating universe. Further, it should be considered as a function
of time, so that it was large in the early universe and relaxed to small with expansion of
the universe [37–44] and references therein). Thus, the Λ which has fallen in and out of
researcher’s interest several times, remains a focal point of research interest in modern cos-
mological theories due to its ability to resolve many outstanding cosmological problems in
natural way.

The cosmological constant Λ and the gravitational constant G are the two parame-
ters present in Einstein’s field equations. The Newtonian constant of gravitation, G, plays
the role of coupling constant between geometry and matter in Einstein field equations.
Dirac [45] was the first researcher, to propose the idea of a variable G on certain phys-
ical grounds. In the last few decades there have been numerous modifications of general
relativity in which gravitational ‘constant’ G varies with time. In order to achieve possible
unification of gravitation and elementary particle physics or to incorporate Mach’s principle
in general relativity, many other extension of Einstein theory with time dependent G have
also been proposed [46, 47]. Considering the principle of absolute quark confinement, Der
Sarkissian [48] has suggested that gravitational and cosmological constant may be consid-
ered as function of time parameter in Einstein’s theory of relativity. A number of authors
Kalligas et al. [49], Arbab [19], Abdussattar and Vishwakarma [50], proposed linking of
variation of G with Λ, within the framework of general relativity. This new approach is
appealing since it leaves the form of Einstein equations formally unchanged by allowing a
variation of G to be accompanied by change in Λ. The detailed analysis of FRW universes
in a wide range of scalar-tensor theories of gravity has been performed by Barrow and Par-
sons [51]. Singh and Kotambkar [52] have discussed cosmological models with G and Λ

in higher dimensional space time. Very recently, Singh and Sorokhaibam [53] have stud-
ied FRW cosmological models with the gravitational and cosmological constants and Singh
et al. [54] have discussed Bianchi type I cosmological models with variable G and Λ term
in general relativity. Chakraborty and Roy [55] have presented anisotropic cosmological
models with bulk viscosity in the presence of variable G and Λ. Considering the aforesaid
studies it is worthwhile to study anisotropic viscous cosmological models with variable G

and Λ.

2 The Metric and Field Equations

The general metric for axially symmetric Bianchi I, Kantowski-Sachs and Bianchi III space
time can be described by
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ds2 = dt2 − a2(t)dx2 − b2(t)dΩ2
k ,

dΩ2
k = dy2 + dz2 for k = 0 (Bianchi-I Model),

dΩ2
k = dθ2 + sin2 θdφ2 for k = 1 (Kantowski-Sachs Model),

dΩ2
k = dθ2 + sinh2 θdφ2 for k = −1 (Bianchi-III Model).

(1)

Einstein field equations with cosmological ‘constant’ is given by

Rij − 1

2
Rgij = −8πGTij + Λgij , (2)

where Rij is the Ricci Tensor and Tij is the energy momentum tensor of cosmic fluid in the
presence of bulk viscosity defined as

Tij = (ρ + p + Π)uiuj − (p + Π)gij . (3)

Here ρ is the energy density, p represents equilibrium pressure and Π stands for bulk vis-
cous stress respectively and ui is the flow vector satisfying the relation uiui = 1.

The Einstein’s field (2) for the space-time metric (1) yield following equations

2
ȧ

a

ḃ

b
+ ḃ2

b2
+ k

b2
= 8πGρ + Λ, (4)

ä

a
+ b̈

b
+ ȧ

a

ḃ

b
= −8πG(p + Π) + Λ, (5)

2
b̈

b
+ ḃ2

b2
+ k

b2
= −8πG(p + Π) + Λ. (6)

By combining (4)–(6) one can easily obtain continuity equation as

ρ̇ + (ρ + p + Π)

(
ȧ

a
+ 2

ḃ

b

)
+ ρ

Ġ

G
+ Λ̇

8πG
= 0. (7)

The energy-momentum conservation equation (T
ij

;j = 0) suggests

ρ̇ + (ρ + p + Π)

(
ȧ

a
+ 2

ḃ

b

)
= 0. (8)

From (7) and (8), we have

ρ
Ġ

G
+ Λ̇

8πG
= 0. (9)

For the full causal non equilibrium thermodynamics the causal evolution equation for bulk
viscosity is

Π + τΠ̇ = −ξ

(
ȧ

a
+ 2

ḃ

b

)
− ετΠ

2

(
ȧ

a
+ 2

ḃ

b
+ τ̇

τ
− ξ̇

ξ
− Ṫ

T

)
. (10)

Here T ≥ 0 is the absolute temperature, ξ is the bulk viscosity coefficient which cannot
become negative otherwise the principle of entropy increase would be violated and the co-
efficient τ denotes the relaxation time for transient bulk viscous effects. Causality requires
τ > 0. When ε = 0, (10) reduces to evolution equation for truncated theory. For full causal
theory ε = 1 and the non-causal theory (Eckart’s theory) has τ = 0.
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3 Cosmological Solutions

It can be easily seen that we have three independent equations having seven unknowns a, b,
ρ, p, Π , G and Λ. In order to obtain exact solution, we require four more physically plau-
sible relations amongst the variables. As majority of cosmological models belong to either
power law form or exponential form, we presently considering a power law relation between
scale factors and time coordinate along with well known relations for pressure, density and
cosmological ‘constant’ as

(i) Power law relation for scale factors

a = a0t
α, b = b0t

β (11)

(ii) Barotropic equation of state

p = γρ, 0 ≤ γ ≤ 1 (12)

(iii) The variation of Λ [19]

Λ = Λ0

(
ȧ

a
+ 2

ḃ

b

)2

, (13)

where a0,b0, α,β,Λ0 are arbitrary constants.

Since the right hand sides of (5) and (6) are identical, we have

ä

a
+ b̈

b
+ ȧ

a

ḃ

b
= 2

b̈

b
+ ḃ2

b2
+ k

b2
. (14)

Which gives α = β or α + 2β = 1 for k = 0 and α2 − 1 = k

b2
0

for k �= 0.

Case I In this case considering k = 0 and α = β from (11), we have

a = a0t
α, b = b0t

α. (15)

The CMBR and supernova observation suggest 0.85 ≤ H0t0 ≤ 1.13. That gives 0.85 ≤
α ≤ 1.13. Using these conditions the set of (4)–(6), (9) and (13) yield

ρ = ρ0t
−(m+2), (16)

Π = −Π0t
−(m+2), (17)

Λ = 9Λ0α
2

t2
, (18)

G = G0t
m. (19)

Here Λ0, G0 are constants of integration and other constants have following relations

m = 6Λ0

1 − 3Λ0
,

ρ0 = 3α2

8πG0
(1 − 3Λ0),

Π0 = α

8πG0

[
2 − 3α(1 − 3Λ0)(1 + γ )

]
.

Using observational values of Ġ
G

≈ 10−11 [56] and tnow ∼ 1010, (19) suggests that m = 0.1.
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In this case the deceleration parameter q = −1 − Ḣ

H 2 , takes value −0.1150 which is well
within observational limits.

(i) Evaluation of Bulk Viscosity in Truncated Causal Theory.
Now, we are interested in study of the variation in bulk viscosity coefficient (ξ ) and

relaxation time (τ ) with respect to cosmic time. It has already been mentioned that for
truncated theory ε = 0 and hence (10) reduces to

Π + τΠ̇ = −3ξH. (20)

Further, in order to have exact solutions of the system of equations one more physical plau-
sible relation is required. Thus, we consider the well accepted relation

τ = ξ

ρ
. (21)

With the help of (15)–(17), (19) and (21), we get

ξ = ξ0
1

t (m+1)
, (22)

where

ξ0 = Π0ρ0

[3αρ0 + (m + 2)Π0] .

From (16), (21) and (22), it can be easily seen that τ has linear relation with cosmic time t .

(ii) Evaluation of Bulk Viscosity in Full Causal Theory
Here we consider model under full causal theory i.e. substituting ε = 1 in (10) yield

the evolution equation for full causal theory. Further, on the basis of Gibb’s integrability
condition, Maartens (1995) has suggested the equation of state for temperature as

T ∝ exp
∫

dp

ρ + p
T,

which with the help of (12) gives

T = T0ρ
γ

(1+γ ) , (23)

where T0 stands for a constant. With the help of (16) and (23) one can easily obtain an
expression for temperature in terms of cosmic time t as

T = T0ρ
γ

(1+γ )

0

(
1

t

) (m+2)γ
(1+γ )

. (24)

Considering age of the universe 1010 years ∼ 3 × 1017 sec, γ = 1/3 and m = 1/10, (24)
suggests temperature for radiation dominated model T ∼ 1 K which is in fair agreement
with observed value T ∼ 3 K.

From (10), (21) and (23), we get

Π + ξ

ρ
Π̇ = −ξ

(
ȧ

a
+ 2

ḃ

b

)
− ξΠ

2ρ

[(
ȧ

a
+ 2

ḃ

b

)
− (1 + 2γ )

(1 + γ )

ρ̇

ρ

]
. (25)
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Further, by use of (15)–(17) one can obtain the relation between bulk viscosity coefficient
and cosmic time t as

ξ = ξ1
1

t (m+1)
, (26)

where the constant ξ1 is defined as

ξ1 = 2Π0ρ0

[2(m + 2)Π06αρ0 − 3αΠ0 − (1+2γ )

(1+γ )
(m + 2)Π0]

.

It can be easily seen that always ξ > 0 and decreasing with evolution of the universe.
Case II In this case for further study, we consider k = 0 and α + 2β = 1. Under this

relation, (11) gives

a = a0t
α, b = b0t

1−α
2 . (27)

Using these conditions the set of (4)–(6), (9) and (13) reduce to

ρ = ρ1t
−(r+2), (28)

Π = −Π1t
−(r+2), (29)

Λ = 9Λ0

t2
, (30)

G = G0t
r . (31)

Here constants take the form

r = 2Λ0

2α + 1 − 3α2 − 4Λ0
,

ρ1 = 2α − 3α2 + 1 − 4Λ0

32πG0
,

Π1 = (1 − γ )(3α2 − 2α − 1) − 4Λ0(1 + γ )

32πG0
.

Again, using observational values of Ġ
G

≈ 10−11 and tnow ∼ 1010, (31) suggests that r = 0.1.
In this model the value of deceleration parameter is positive which shows decelerating

behaviour of the cosmological model. It is worthwhile to mention the work of Vishwakarma
[57] where he has shown that the decelerating model is also consistent with recent CMB
observations made by WMAP, as well as with the high redshift supernovae Ia data including
SN 1997ff at z = 1.755. Our further investigation in this direction may throw light on this
ambiguity in future.

(i) Evaluation of Bulk Viscosity in Truncated Causal Theory
With the help of (20), (21) and (27)–(29), we obtain

ξ = ξ2
1

t (r+1)
, (32)

where

ξ2 = Π1ρ1

[ρ1 + (r + 2)Π1] .
This shows that bulk viscosity coefficient is decreasing with evolution of the universe.
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(ii) Evaluation of Bulk Viscosity in Full Causal Theory
In this case, we consider full causal theory i.e. substituting ε = 1 in (10).
With the help of (23) and (28) the expression for temperature in terms of cosmic time t

as

T = T0ρ
γ

(1+γ )

0

(
1

t

) (r+2)γ
(1+γ )

. (33)

In this case also the numerical value of temperature can be calculated similar to the previous
case and it is within the observational limits.

With help of (25), (27)–(29), we get

ξ = ξ3
1

t (r+1)
, (34)

where

ξ3 = 2Π1ρ1

[2(r + 2)Π1 + 2ρ1 − (1+2γ )

(1+γ )
(r + 2)Π1]

.

Case III This case is dealing with Kantowski-Sachs and Bianchi type III cosmological
models having k �= 0, β = 1, α2 − 1 = k

b2
0
. Under these assumptions scale factors take the

form

a = a0t
α, b = b0t. (35)

The CMBR and supernova observation suggest 0.85 ≤ H0t0 ≤ 1.13. That gives 0.55 ≤
α ≤ 1.39.

Using these conditions the set of (4)–(6), (9) and (13) reduces to

ρ = ρ0t
−(n+2), (36)

Π = −Π0t
−(n+2), (37)

Λ = 9Λ0(α + 2)2

t2
, (38)

G = G0t
n. (39)

Here constants n, ρ0 and Π0 are related to other constants as

n = 2Λ0(α + 2)

α − Λ0(α + 2)
,

ρ0 = α2 + 2α − Λ0(α + 2)2

8πG0
,

Π0 = α2 + γ (α2 + 2α) − Λ0(α + 2)2(1 + γ )

8πG0
.

Further, the deceleration parameter takes value −0.1150 within observational limits.

(i) Evaluation of Bulk viscosity in Truncated Causal Theory
In the present case using the values of scale factor, energy density, viscous pressure from

(35)–(37), (20)–(21) suggest

ξ = ξ4
1

t (n+1)
, (40)
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where

ξ4 = Π0ρ0

[ρ0(α + 2) + (n + 2)Π0] .

(ii) Evaluation of Bulk Viscosity in Full Causal Theory
In this case, we consider full causal theory i.e. substituting ε = 1 in (10).
With the help of (23) and (36) the expression for temperature in terms of cosmic time t

as

T = T0ρ
γ

(1+γ )

0

(
1

t

) (n+2)γ
(1+γ )

. (41)

By use of (25), (35)–(37), we have obtained the bulk viscosity coefficient as

ξ = ξ5
1

t (n+1)
, (42)

where

ξ5 = 2Π0ρ0

[2(n + 2)Π0 + 2ρ0(α + 2) − Π0(α + 2) − (1+2γ )

(1+γ )
(n + 2)Π0]

.

4 Discussion

In this paper we have studied axially symmetric Bianchi-I, Kantowski-Sachs and Bianchi-III
space time models with bulk viscosity, cosmological and gravitational constants. In Power
law form for k = 0 two cases α = β and α + 2β = 1 have been discussed. When α = β

we get accelerated expanding cosmological model for all α > 1 whereas for α + 2β = 1
we get q = 2. Though present day observations and literature favour accelerating model of
the universe, the decelerating model should not be simply ruled out as our knowledge and
instruments to measure various parameter of the universe are not complete and perfect. In
the literature there are examples of some results which were in and out of scientific consid-
eration. In both cases k = 1 and k = −1 cosmological models presented in case III show the
accelerating model of the universe for all values of α > 1. In all the cases energy density,
pressure, bulk viscous stress and bulk viscosity coefficient are decreasing with evolution of
the universe. The temperature predicted by our models is also within observational limits.

Considering the exponential form of the scale factors viz., a = a0e
αt , b = b0e

βt , it can
be easily seen that all parameters ρ, p, Π , G and Λ takes uniform values for all time
which are not consistent with observational results. Hence exact solutions in this case are
not presented.
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